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1. INTRODUCTION 
As has been well understood since its inception, the signalizer functor 
method works most smoothly in finite groups satisfying some connectedness 
condition-in particular, in groups with a connected Sylow 2-subgroup. The 
original approach to nonconnectivity disposed of the problem ‘once and for 
all by completely classifying all groups of sectional 2-rank at most 4 and 
then determining those with a nonconnected Sylow 2-subgroup as a corollary 
(by a theorem of MacWilliams [ 141, every section of a nonconnected 2- 
group can be generated by at most four elements). 
Even though this approach was very effective, it was extremely elaborate, 
for the actual proof of the classification of such groups runs to 464 pages 
[l 11, and, in addition, depends upon a number of other classification 
theorems concerning groups with specified types of Sylow 2-subgroups. 
Moreover, although the sectional 2-rank 4 theorem has been invoked at 
many other points in the classification of finite simple groups, the analysis of 
nonconnected groups has remained its primary application. 
Hence in attempting to simplify the existing classification of the finite 
simple groups, one of the first natural questions to consider is whether there 
exists a shorter, more direct way of treating nonconnectivity. Indeed, Harada 
has recently achieved just such a direct approach by a short, elementary 
fusion argument [ 121. His result can be stated as follows (here a K-group is 
any finite group whose composition factors are among the known simple 
groups): 
THEOREM (Harada). Let G be a core-free fusion-simple group (in 
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particular, an.1 simple group) of 2-rank at least 3 with a nonconnected §ylo:v 
2-subgroup S and such that the centralizer of every involution in the center 
of S is a K-group. Then S is isomorphic to a Sylow a-subgroup of the Kali- 
Janko group J, . 
Our aim in this paper is to show that by treating connectivity within the 
context of the signalizer functor method, one can dispense even with 
Harada’s theorem, and at the same time quickly handle the J2 case. To put 
our results in perspective, we first describe the formalism associated with the 
signalizer functor method (for the prime 2). 
For any group X, let ,4(X) be the graph whose vertices are the four- 
subgroups (Z2 X Zz) of X. with two vertices joined by an edge if and only if 
they commute elementwise. X is called connected if d(X) is a connected 
graph. For any four-subgroup A of X, let d,g(X) be Ihe connected component 
of X containing the vertex A. Obviously X is connected if and only if d(X) = 
AA(X) for any four-subgroup A of X. Likewise 4.4(X) = ilB(X) for any %mer:ex 
3 of 4.4(X). 
Clearly X acts on d(X) by conjugation. If v is a connected component of 
d(X), we denote by N,(v) the stabilizer of v in X. The connectivity of 4 
immediately yields: 
LEMMA 1.1. Let X be a group and let cy be a connected componem of 
A(X). For x E X, we have x E N,(v) if and oniy if li/ n I,/ # 0. 
Let A E d(X). We say that A is isolated in d(X) if AA(X) consists only of 
the point A. (There should be no confusion between this graph-theoretic 
notion of isolation and the usual fusion-theoretic concept of isolated 
involution.) If A is not isolated in d(X), then there is B E d,A(X) with 3 #A 
and (B>A] = 1. Thus (A, B) is elementary of order 8 or 16; in particular, 
mZ(Cx(A)) > 3. Conversely, if m2(C~,(A)) > 3, then clearly A is not isolated 
in d(X). We denote by do(X) the subgraph of nonisolated points of d(X). 
In particular, we see that the graph d(X) is useful primarily for groups X 
of 2-rank at least 3, for in the contrary case every vertex of d(X) is isolated 
(so A”(x) = 0). 
Assume now that m,(X) > 3 and let SE Syl,(X’). Then S is neither 
dihedral, quasi-dihedral, nor quaternion, so S contains a normal four- 
subgroup U by [9, Theorem 5.4.101. If A is any four-subgroup of S such that 
m,(C,(A)) > 3, it is immediate that C,(AU) contains a four-group, so that 
A E d.(S). Hence by Sylow’s theorem, if B is any four-subgroup of X such 
that m2(Cx(B)) > 3, then BX Ed.(S) for some x E X. Thus we have: 
PROPOSITION 1.2. Let X be a group of 2-rank at least 3, let S E Sy12(X), 
and let U be a normal four-subgroup of S. Then A’(X) is the disjoint union 
of X-conjugates of A.(X). 
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Note also that if V is any other normal four-subgroup of S (and 
m,(S) > 3), then m,(C,( v)) > 3, so VE d.(S) and hence d,(X) = d.(X). 
Thus the decomposition of do(X) is determined independently of the four- 
group U. Hence it is meaningful to write d,(X) for d,(X), for any normal 
four-subgroup U of S. 
We now introduce some terminology, motivated by the way the signalizer 
functor method works in practice. 
DEFINITION. a is called a conjugacyfunctor on do(X) (or, for brevity, OM 
X) if for each A E do(X) there is associated a subgroup a(A) of X such that 
for each x E X, 
a(A”) = (a(A))“. 
a is said to be continuous if a is constant on connected components; i.e., if 
a(A) = a(B) whenever A E do(X) and B E AA(X). Furthermore, a is said to 
be odd if a(A) has odd order for each A E d’(X). 
Since, in practice, one ignores the isolated points of d(X). we have 
restricted these definitions to d’(X). Note that by Proposition 1.2, a 
conjugacy functor will be continuous on do(X) if it is constant on a single 
component of d’(X). 
As an example, suppose X is a balanced group; i.e., O(C,(x)) n C,&) = 
W,(Y)) n CA x ) f or any pair of commuting involutions x,y of X. Then if 
we set 
for each A E do(X), it is straightforward from the balance condition that a is 
a continuous conjugacy functor on d’(X). Moreover, the 2-signalizer functor 
theorem [8] yields the crucial conclusion that a is odd. 
There is a direct relationship between continuous conjugacy functors and 
stabilizers of connected components of do(X): 
PROPOSITION 1.3. Let a be a continuous conjugacy fknctor on the group 
X. Then for any connected component w of A’(X), and any A E I,U, we hat,e 
N,(w) < NAa(A)). 
ProoJ: If x E N,(y), then A” E I+V, whence a(A) = a(Ax) = (a(A))x (the 
first equality as a is continuous, the second as a is a conjugacy functor). But 
then x E N,(a(A)) and the proposition follows. 
The goal of the signalizer functor method (for the prime 2) is to show that 
the (simple) group X under investigation possesses no nontrivial odd 
continuous conjugacy functors, a conclusion which has fundamental conse- 
quences for the structure of centralizers of involutions of X. In the contrary 
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case, one tries to argue that X has a proper 2-generated core. This is accom- 
plished by applying Proposition I.3 to the component d,,,(X): where hi is a 
normal four-subgroup of a Sylow 2-subgroup of X. Indeed one has: 
PROPOSITION 1.4. Let X be a group of 2-rarzk at !east 3, let S E Syiz(X), 
and let U be a normal four-subgroup of S. Then the following hold: 
(i) Let Q < S. If either q(Q) > 3, or m?(Q) = 2 and A(Q) c A,@), 
then ~A49 < ~,-&Q). 
(ii) Let E be an elementary abelian subgroup of S with m?(E) 2 3. 
Then TEqz(X) < Nx(A,,(X)), where 
ProoJ In (ii), IE/C,(U)] < 2, so as m,(E) > 3, it follows that d(A) G 
d,(X) for every A <E with mz(A) > 2. Thus (ii) is a consequence of (i). so 
it suffices to prove (i). 
For each x E &(Q), we need only find B E d(Q) such that B and B” both 
lie in d.(X). Indeed, then A&Y) n (A&Y))” # OY so x E lV,(A,.(X)) by 
Lemma 1.1. If A(Q) c A,,(X), we take B to be any element of A(Q). In the 
contrary case, we have m*(Q) > 3 and we take B Ed(F) for any elementary 
abeiian subgroup F of Q of rank 3. 
In the connected case, we have the following basic consequences. 
PROPOSITION 1.5, Let X be a group of 2-rank at [east 3 with a connected 
SJ?OW 2-subgroup S, and let U be a normal four-subgroup of S. Then 
61 C&7 < ~x(A,r(X)l, h w ere T,,,(X) = <N,(Q) / Q < S, m,(Q) 2 kj. 
(ii) IS U(X) = 1, then X possesses no nont.rit?ial odd continuous 
conjugacy jlu.xctors. 
Proof. Since S is connected, A(S) 5 A.(X), so (i) is immediate from 
Proposition 1.4(i). Combined with Proposition 1.3, (i) implies that ArY,z(X) < 
,Vzv(a(U)) for any continuous conjugacy functor u on X. ut then if cc is 
nontrivial and odd and O(X) = 1, X has a proper 2-generated core 
normalizing a nontrivial subgroup of X of odd order, which contradicts 
Aschbacher’s classification theorem II]. Thus (ii) also holds. 
Proposition 1.5 shows the importance of connectivity. Mowever, even 
without that assumption, Propositions 1.3 and 1.4 yield strong conclusions. 
To preserve the parallel with the connected case, we set (for any 
s E Syl,(x-)) 
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for any normal four-subgroup U of S. We call r”,,?(X) the weak 2-generated 
core of X. Clearly it is determined up to conjugacy by X. 
Using the two listed propositions, we immediately obtain: 
PROPOSITION 1.6. Let X be a group of 2-rank at least 3, let S E Sy12(X), 
and let U be a normal four-subgroup of X. Then 
(ii) If a is a continuous conjugaqj functor on X, then r”,,,(X) < 
W4u)). 
Remark. In contrast to the case of odd p, the standard connectivity 
argument does not automatically yield N,(Q) <&(X) whenever Q < S, 
m*(Q) = 2, and mz(QCs(Q)) > 3. For example, the argument breaks down 
when Q is quasi-dihedral and C,(Q) is quaternion. 
This proposition shows that the existence of a nontrivial odd continuous 
conjugacy functor in a core-free group X implies that the weak 2-generated 
core of X is proper-in fact, lies in the normalizer of a nontrivial subgroup 
of X of odd order; and one must then derive a contradiction from this con- 
clusion. 
For brevity, we call the normalizer of a nontrivial subgroup of X of odd 
order an O-local subgroup of X. 
The preceding discussion should help to put our main results in 
perspective: 
THEOREM A. If G is a fusion-simple core-free group of 2-rank at least 3 
in which eveqj O-local subgroup is a K-group, then the weak 2-generated 
core of G does not lie in an O-local subgroup of G. In particular, every odd 
continuous conjugaq? functor on G is trivial. 
THEOREM B. Let G be a fusion-simple core-free group of 2-rank at least 
3. If the weak 2-generated core of G is contained in a maximal subgroup of 
G which is a K-group, then G has a proper 2-generated core (and so G is 
determined by Aschbacher’s theorem [ 11). 
We prove the theorems together. In Section 2 we list a number of basic 
properties of K-groups whose graphs contain isolated points. (The K-group 
hypothesis is used only at one place; however, it is used there in a crucial 
way.) In Section 3, we consider a counterexample to Theorem A or B. Thus 
if S E Syl,(G), then p,,,(G) is contained in a suitable proper K-subgroup M 
of G. On the basis of the results in Section 2, we pin down the structure of 
M/O(M) in a few lines. In particular, either S is of type J, or S is 
isomorphic to a subgroup of Aut(L,(q)) for some odd q. In Section 4, we 
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dispose of the latter case by a simple fusion argument. Then in Section 5: 
using properties of arbitrary fusion-simple groups with Sylow 2-subgroups 
isomorphic to S, established some time ago by Harada [lo], we study 
signalizers of various subgroups of S. If C denotes the centralizer of the 
involution of Z(S) in G, this analysis enables us to show that either C <M 
or else Q(C) = 1 and C is isomorphic to the centralizer of a 2-central 
involution in J, (as well as in Jj), with the first alternative necessarily 
holding in the case of Theorem A. However, the first alternative leads to an 
immediate contradiction as M has a normal subgroup of index 2, but C does 
not. In the second case, certain results of Janko’s analysis [ 131 are incon- 
sistent with the structure of M. 
2. K"-GROUPS 
The proofs of Theorems A and B depend upon some basic properties of a 
K-group X whose graph contains isolated points (Le., in which do(X) st 
d(X)). For brevity, we call such a group a K”-group. 
Our first result is immediate from the definition of nonconnectivity and is 
well known. 
LEMMA 2.1. If S is a nonconnected 2-group (and hence a K”-group) boith 
m,(S) > 3, then 
(i) S contains no normal elementary subgroups of order 8; and 
(ii) Z(S) is cyclic. 
For our next result we need a preliminary fact, which will also be used 
later in the proof. 
LEMMA 2.2. Let X be a group of 2-rank at least 3. Let S E Syl,(X), 
A E A(X), and let D be a subgroup of S such that A < D. C,(D) <D, and 
NIy(D) contains a 3-element y cycling the three involutions o/A. Then A is 
not isolated in A(S). 
ProojY Assume false. Since A is isolated in A(S) and A < D < S, we have 
A = sL,(C,(A)). In particular, A > fl,(Z(D)), so the existence of 4’ implies 
that A = Q,(Z(D)), whence A = O,(D). 
If A < qi(D), then A < 4(S) < C,(U) for any normal four-subgroup U of S, 
so A E A,(S) = A’(S), contrary to hypothesis. Thus A 4 $(D), so the action 
of y yields A n #(D) = 1, whence 4(D) = 1 (as A = Qi(D)) and then A = D. 
Thus C,(A) = A by assumption, and so S is of maximal class, and hence 
rank 2, by [9, Theorem 5.4.5). This contradicts our hypothesis and so the 
lemma is proved. 
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Now we can prove: 
LEMMA 2.3. If X is a KO-group of 2-rank at least 3, then 
(i) A Sylow 2-subgroup of X is not connected; and 
(ii) m,(C,(x)) = 2 for some involution x of X. 
ProoJ: Let A be an isolated point of A(X). If S is any Sylow 2-subgroup 
of X containing A, then as A(S) G A(X), A must be isolated in A(S), so S is 
not connected, proving (i). 
By (i) and Lemma 2.l(ii), Z(S) is cyclic and so contains a unique 
involution z. Set N = N,(A)? and assume that S is chosen so that R = 
S n NE SyI,(N). Then D = C,(A) = C,(A) is a Sylow 2-subgroup of C,(A). 
In particular, z ED. But A is isolated in A(S), so A = Q,(D) and, in 
particular, z EA. Thus A = (z, x) for some involution x. If D E Sylz(C,(x)), 
then (ii) holds as mz(D) = 2; so we can suppose that D < T for some 
TE Syl,(C,&)). Then N,(D) > D, and as A char D, it follows that z and Z-Y 
are conjugate in N,(D) and that N,(D) <N. Again as A char D, we have 
D <R, for otherwise D = R = S, in which case Z(S) is noncyclic, 
contradiction. Thus also x and zx are conjugate in R and consequently all 
involutions of A are N-conjugate. By a Frattini argument, NN(D) contains a 
3-element cycling the involutions of A. Also C,(D) < C,(A) = D. But now 
the preceding lemma applies and yields that A is not isolated in A(S), contra- 
diction. Hence (ii) also holds. 
We have not yet used the hypothesis that the composition factors of a K”- 
group are of known type. We now use it, in conjunction with the previous 
lemma. to determine those X0-groups of 2-rank at least 3 in which P*(X) is 
simple. This is easily carried out by using Lemma 2.3(ii) and systematically 
checking the centralizers of involutions in the automorphism groups of the 
known simple groups. (For the groups of Lie type of odd characteristic, one 
uses Burgoyne-Williamson [4, 51, for those of even characteristic 
Aschbacher-Seitz [2], for the sporadic groups Aschbacher-Seitz 131, and for 
the alternating groups, inspection.) Since K”-groups have sectional 2-rank at 
most 4 by MacWilliams’ theorem [ 141, the work involved can perhaps be 
shortened by first determining all K-groups of the latter type. For this one 
can use the structure of the centralizers of 2-central involutions, for example. 
The result of this inspection is: 
PROPOSITION 2.4. If X is a K”-group of 2-rank at least 3 with F*(X) 
simple, then one of the following holds: 
(i) A Sylow 2-subgroup of X is of type J2, F*(X) r L,(4), and 
O”(X) = F*(X)(t), where t is an involution which induces a unitar}? 
automorphism on F*(X). 
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(ii) F*(X) z L&q) f or some odd q and X = Y W, where Y z PGL,(q), 
and W is cj&ic of even order and induces a group ofJreld a~tomorphi~m~ 01: 
Y. 
On the basis of Proposition 2.4, we obtain the following structure theorem 
for K”-groups, which will be crucial for the proof of our theorems. Indeed, it 
will yield the possible structures of M/O(Mj, where ill is a subgroup 
containing the weak 2-generated core in a counterexample to the theorems 
Its proof in the case O?(X) + 1 will depend upon a lemma of Harada \ 12, 
Lemma 2.6 in 
PROPOSITION 2.5. If X is a core-free P-group of 2-rank at least 3 
having HO isolated involution, then one of the foklowirtg hoids: 
(ij F*(X) is simple (and hence X is determined from Proposi- 
ti0.n 2.4). 
(ii) X is 2-constrained, a Sylow 2-subgroup 03’ X is of type Jz 3 aisd 
O?(X) is of type L,(4). 
ProoJ First assume O,(X) = 1. If F*(X) has more than one component: 
then it is immediate that mz(Cx(t)) > 3 for every involution t of X, against 
Lemma 2.3. So F*(X) is simple and (i) holds in this case. 
Now suppose that O,(X) f 1. let S E Syl,(Xj, and set U= Ll,(Z(O,(X))) 
and T = C,(Uj. By Lemma 2.1(i), m,( u> < 2. On the other hand, Z(Xj = 1 
by hypothesis, so X/C,(U) is not a 2-group (if it were, X = C,(UjS would 
centralize Q,(Z(Sjj). Therefore U is a four-group and some 3-element 3’ of X 
cycles the involutions of U. 
By Lemma 2.3(i), we can apply Harada’s L.emma 2.6 of [12j and 
conclude that S is of type .I?, whence T is of type L,(4). Now if X is 2 
constrained, then since U is a maximal normal elementary abelian subgroup 
of S, the action of 4’ gives U < #(O,(X)), so T centralizes O,(X)/#(Oz(Xjj as 
Ti = Cr. Hence T< O,(X), so T= O,(X) and (iij holds. 
To complete the proof we assume finally that X is not 2-constrained and 
derive a contradiction. Set K = L(X). Since Z(S) is cyclic, the central 
involution z of S lies in K, and so U = (z, z”) < K, whence U < Z(Kj, Set 
R = S r: K, so that R < T. Thus if we set K = K/Z(K), we have R E Syl,(Kj 
and R is elementary of order at most 16 (since T/U?E,,). Using the fact 
that g is a K-group, we easily get a contradiction from this (the components 
of K are Ree groups or Lz(q))s, and have known Schur multipliers, from 
which we get that K cannot possibly have a covering group by a 2group 
with an automorphism of order 3 acting nontrivially on the center). 
However, without using the K-group hypothesis, we can get a 
contradiction as follows. For all g E T - U, it is straightforward to check 
that / CT(g)/ = 2’. This easily forces Cdg> to be 2-nilpotent for all g E E? If 
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m,(x) > 3, then the signalizer functor theorem [8] produces a strongly 
embedded subgroup of K, whence K has one class of involutions. But this is 
impossible as not all elements of R - U have the same order. So mz(R) = 2, 
and elementary transfer shows that K has no fourfold covering group. The 
proposition follows. 
3. THE STRUCTURE OF S AND M 
We suppose Theorem A or B is false and let G be a counterexample. We 
fix a Sylow 2-subgroup S of G. Then T!,,(G) < M. where M is a maximal O- 
local subgroup of G in the case of Theorem A and a maximal subgroup of G 
in the case of Theorem B; and in both cases, M is a K-group. We fix a 
normal four-subgroup U of S and a central involution z of S. 
We first argue: 
PROPOSITION 3.1. M is a K”-group. 
Proof. Since M is a K-group by hypothesis, we must show that do(M) # 
d(M). Suppose then that do(M) =d(M); we prove that T,,z(G) GM. Indeed, 
let Q < S with mz(Q) > 2 and let x E N,(Q). Take any B E d(Q); then B” E 
d(Q) c d’(M), so by Proposition 1.2, there are elements y, w E M such that 
B and B”’ both lie in (d&V))‘+ = d,(M). Hence by Lemma 1.1, xq’ E 
N&l&G)) = T&,,,(G) = (am,,)“’ < M, and so x EM. Therefore 
G,,(G) < M. 
In particular, G has a proper 2-generated core, so Theorem B holds. Hence 
G is a counterexample to Theorem A and so O(M) # 1. However, as 
O(G) = 1, Aschbacher’s theorem [l] yields an immediate contradiction. 
Now consider the Goldschmidt conjugation family &? of S (with respect 
to G) [7]. In particular, for D E g, N= N,(D) is 2-constrained and 
D E s~l,(o,O9), so z E D and hence z E Q,(Z(D)); also, C,(D) < D. 
LEMMA 3.2. Let D E 9. If z is not isolated in N = N,(D), then N < M. 
ProoJ Set A = Q,(Z(D)), so that z E A. Since z is not isolated in N, 
m,(A) > 2. If m,(A) 2 3, then N,<&(4G-:,,(G)<M by 
Proposition 1.6(i) and we are done. Hence A is a four-group and N contains 
a 3-element y cycling the involutions of A. But now Lemma 2.2 implies that 
A is not isolated in d(S), whence A E d,(S), and so N < N,(A) < 
Tt,l(G) < M, as required. 
As a consequence, we have: 
PROPOSITION 3.3. z is not isolated in M. 
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Proof. Indeed, as G is fusion-simple, the Z*-theorem [6] implies that z is 
not isolated in N = N,(D) for some D E C8. But then N < M by the previous 
lemma, so clearly z is not isolated in M. 
In view of Propositions 3.1 and 3.3, Proposition 2.5 (and 2.4) applies to 
M/O(M) and yields: 
PROPOSITION 3.4. (i) M/O(M) h as one of the structures listedJbr X in 
Proposition 2.5 or 2.4. 
(ii) S is either of type J, or isomorphic to a subgroup of Aut(L,(q)j 
for some odd q. 
(iii) M has a subgroup of index 2. 
The last statement is immediate from the first. We refer to the two 
possibilities for S (together with the corresponding possibilities for M/O(M)) 
as the J+ase and the Aut(L,(q))-case, respectively. 
4. THE Aut(L2(q))-CASE 
We now eliminate the Aut(L,(q)j-case. We let ST M, El, and z have the 
same meanings as in the previous section. Set c = M/O(M), so that by 
Propositions 2.4, 2.5, and 3.4, J? = YCV, where Pr PGL,(q) for some odd q, 
and @ is cyclic of even order and induces a group of field automorphisms 
on Y. Let T be the preimage in 5’ of gn ?‘, so that T =C S and 
FE Syl,(F’j. We fix this notation. The following facts are easily deduced 
from the ‘structure of S and a. 
LEMMA 4.1. (i) S/T is abelian. 
(ii) Every involution of S - T is contained in Ta V Tb, where a and b 
are involutions of S, a induces a nontrivial field automorphism of r; 
(zL,(q)j and F(g) = y. 
(iii) m?(C,(a)) = 3. 
(iv) M contains only one conjugacy class of elementary abeiian 
subgroups 0~~ order 8. 
(In (ii), T(ab) ’ q is uasi-dihedral. In (iii), C,,(a) z PGL2(fi) and contains 
a Sylow 2-subgroup of p. In (iv), all four-subgroups of Y’ are conjugate in 
? and self-centralizing in y, which, together with (iij, yields the result 
easily.) 
We now argue that the image of a under the transfer homomorphism of G 
into S/T is nontrivial, which contradicts the fusion-simplicity of 6. This is a 
direct consequence of the following result: 
20 GORENSTEINAND LYONS 
LEMMA 4.2. a is not G-conjugate to an involution of T. 
ProoJ: Assume false. Since L,(q) has only one class of involutions, a and 
z are G-conjugate, so ag =I for some g E G with C,(a)g < S. By 
Lemma 4.1 (iii), there is E, 2 A < C,(a). Since A8 < S, Lemma 4.1 (iv) 
implies that AgX = A for some x EM. Thus gx E N,(A) <r!,,(G) <M by 
Proposition 1.6(i), whence g E M. But this is absurd as YE Y’ and a 6? F. 
Now let V be the transfer of G into S/T. By Lemmas 4.1(i) and 4.2, 
V(a) = Ta”b”, But from the computation of V(a) (see [9, Theorem 7.3.3]), 
m + n = ] G : S ( is odd, so V(a) # 1. Hence G has a subgroup of index 2, 
contradiction. 
5. THE J+ASE 
It remains to treat the J,-case. In Section 6 of [lo], Harada has 
completely analyzed the possible involution fusion patterns in an arbitrary 
fusion-simple group with a Sylow 2-subgroup of type J, and has derived 
considerable 2-local information as well. The results we need are as follows: 
PROPOSITION 5.1 [lo]. Let X be a fusion-simple group with Sylow 2- 
subgroup S of type J2, let z be the involution of Z(S), and let U be a normal 
four-subgroup of S. Then 
(i) aN involutions of U are X-conjugate; and 
(ii) C,(z) is 2-constrained and C,(z)/O(C,(z)) is isomorphic to a split 
extension of Q, * D, by A,. 
As a corollary, we have: 
LEMMA 5.2. Under the same assumptions as Proposition 5.1, we have 
(i) all involutions of U are conjugate in No(U); and 
(ii) ifu E I!?, then U,< O,,,(C,(u)). 
Proof. First, as each u E u# is 2centra1, C,(u> is of index 2 in a Sylow 
2subgroup of C,(u) for all u E U#, which implies that N,(U)/C,(U) z S,, 
and (i) follows. 
In view of (i), it suffices to prove (ii) for u = z. Set H = C,(z). Then 
S <H and by the proposition T= S (7 O,,,(H) z Q, * D,. We have 
[S, U] = (z), so U stabilizes the chain T > (z) > 1. Since H is 2-constrained, 
it follows that U < T, proving (ii). 
Now we return to G (with S, M, U, and z as before). Using Lemma 5.2 we 
immediately obtain 
FUNCTORS. CORES, AND NONCONNECTED GROUPS ?I 
PROPOSITION 5.3. M contains every element of M&U; 2’). 
ProoJ Indeed, as m#‘j = 4, U < A < S for some A 2 El,. Then for 
UEF, A < c, and hence WC,) < d?,,W <&(G) GM- by 
Proposition 1.6(i). 
Now consider any YE R,(U, 2’). By Lemma 5.2, U< Qz,z(CUj for 
u f v;# and hence [C,(U), U] < O(CUj7 so by the previous paragraph 
[C,(U), hi] < M. But also C,(U) < NJU) < T:,,(G) GM, so Y= (C,.(Uj9 
[Cr(u), U] ] u E u”) < M, as required. 
This in turn yields 
P~0~0siT10~ 5.4. rf T= S n 0,t2(C,), then O(M) is the unique 
maximal element c$ H,(T; 2’). 
ProoJ Now U<T by Lemma 5.2, so (q2-i 2’)) ,< M by 
Proposition 5.3. The possible structures of M = M/O(M) are given by 
Propositions 2.4, 2.5, and 3.4, and as T = Q8 * D,, it is immediate from the 
known structure of the automorphism group of L,(4) (and the structure of @ 
in the Zconstrained case) that PIV(T; 2’) = { 1). Hence (H,(T; 2’)j = 
(M,,(T; 2’)) = O(M), and the proposition follows. 
As a direct consequence, we obtain 
PR~P~~xTI~N 5.5. If T is as in Proposition 5.4, ther? either NG(Tj < 
O(C;) = O(“Mj = 1. 
ProoJ N,(T) normalizes (Pi,(T, 2’)) = O(M), by Proposition 5.4. If 
O(Mj# :, then N&O(M)) =M as M is either a maximal O-locai or a 
maximal subgroup of G. Hence either N,(T) < M or O(M) = 1, But O(C,j E 
B,(T; 2’). so O(CZ) < O(M) and thus if O(M) = 1: then OjC,) = 1. The 
proposition follows. 
NOW the first alternative of Proposition 5.5 is easily excluded. Thus we 
have: 
hOPOSITION 5.6. Theorem A holds and O(C,) = D(M) = 1. 
ProoS, Suppose N,(T) < M. By Proposition 5. i, NG(T) = NC-(T) and 
iVG(?‘) has no subgroup of index 2. However, M has a subgroup of mdex 2 
by Proposition 3.4. Since NG(Tj has odd index in M, this is a contradiction 
Moreover, as Q(M) f 1 in the case of Theorem A: G must be a counterex- 
ample to Theorem B, and Theorem A must hoid. 
Finalby as O(C,j = 1 by Proposition 5.6, Proposition 5.1(n) implies that 
CZ is a split extension of Qs * L3, by A,, and so CZ is isomorphic to the 
centralizer of a 2central involution in J, and J;. It follows therefore from 
the results of [13] that one of the following holds: (a,) G has one class c< 
involutions and N,(A) E A(Z, x A,) for any A such that E,, z A < S; or (bl 
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G has two classes of involutions, N&I) zA(Z, x A4) for any such A, and 
C,(u) z Z, X Z, X A, for any non-Zcentral involution a of S. (In any case, 
m3(C,(t)) = 1 for all involutions t.) Accordingly, N,(A) <M or C,(a) < 
~G(WC,@))) GM so M is nonsolvable. Thus M cannot satisfy 
Proposition 2S(ii), since ISI = 2’, so by Propositions 2.4 and 3.4, P*(M) 2 
L,(4), and CFecMj(t) z U,(2) f or some involution t E M -F*(M). Hence 
m,(C,(t)) > m,(U,(2)) = 2, a contradiction, and Theorem B is proved. 
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